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Introduction 

This paper is an attempt to give some general results on the tempered funda- 
mental group of p-adic smooth algebraic varieties. 

The tempered fundamental group was introduced in [J^ part III] as a sort of 
analog of the topological fundamental group of complex algebraic varieties; its 
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profinite completion coincides with Grothendieck's algebraic fundamental group, 
but it has itself many infinite discrete quotients in general. 
Since the analytification (in the sense of Berkovich or of rigid geometry) of a 
finite etale covering of ap-adic varieties is not necessarily a topological covering, 
Andre had to use a slightly larger notion of covering. He defines tempered cover- 
ings, which are etale coverings in the sense of de Jong (that is to say that locally 
on the Berkovich topology, it is a direct sum of finite coverings) such that, after 
pulling back by some finite etale covering, they become topological coverings (for 
the Berkovich topology) . Then the tempered fundamental group is a prodiscrete 
group that classifies those tempered coverings. To give a more handful descrip- 
tion, if one has a sequence of pointed finite coverings ((S'i, Si))igN such that 
the corresponding pointed pro-covering of {X, x) is the universal pro-covering of 
{X,x), and if {S°°,s°°) is a universal topological covering of Si, the tempered 
fundamental group of X can be seen as ttI'"^^{X, x) = lim. Gal(5'°°/X). There- 
fore, to understand the tempered fundamental group of a variety, one mainly 
has to understand the topological behavior of the finite etale coverings of this 
variety. 

There are many differences between the tempered fundamental group in the 
p-adic case and the topological fundamental group in the complex case. First, 
the tempered fundamental group is not discrete in general. It is also much more 
difficult to describe expHcitly (such a description is available for eUiptic curves, 
or more generally abelian varieties as will be studied in this article). As proved 
in [T3| (and recalled in part II. 2p , the tempered fundamental group of a curve 
depends hugely on the combinatorial structure of its stable reduction (this sug- 
gests a geometric anabehan behavior of the tempered fundamental group which 
as no algebraic or complex counterpart). On the other hand, the tempered 
fundamental group, like the algebraic fundamental group, is also defined over 
non algebraically closed nonarchimedean field, and thus it interacts interestingly 
with Galois theory (which gives it a number theoretical interest). However, in 
this article, we will only study the geometric tempered fundamental group. We 
will prove here some results for the tempered fundamental group which are clas- 
sical results for the profinite fundamental group or the topological fundamental 
group of complex varieties: we will link the abelianized tempered fundamental 
group of a curve to the tempered fundamental group of its Jacobian variety and 
we will show a Kiinneth formula for the product of manifolds. But, to illustrate 
that it depends much more on the variety itself than the profinite or the complex 
fundamental group, we will show that one can recover the metric structure of 
the graph of the stable model of a Mumford curve from the tempered funda- 
mental group. 

After recalling the basic results on the tempered fundamental group given 
in [2] (and deduce from them the birational invariance of the tempered fun- 
damental group in proposition (|1.6p ). we will recall the results of Mochizuki 
concerning the tempered fundamental group of a curve and the stable reduction 
of this curve: whereas the profinite fundamental group or the topological funda- 
mental group of a smooth curve of type {g, n) only depends in the complex case 
on g and rt, the tempered fundamental group of a curve depends much more on 
the curve itself. How much is an unsolved problem, which is the leading thread 
of the present paper. 

Mochizuki thus proved in [13] that one could recover from the tempered fun- 



2 



damental group of a curve the graph of its stable reduction (theorem (|1.7p ). 
even in the pro-(p') case (we will denote by 7rJ°'"^(X)*^^' ^ the group classifying 
coverings that became topological after base change by a finite Galois covering 
of order prime to p). 

More precisely, the vertices correspond to the classes of maximal subgroups of 
^tcmp^^-j(p ) ^^jjyg called verticial subgroup) and the edges to non trivial classes 
of intersection of verticial subgroups. 

We will then study the tempered fundamental group of an abelian variety in 
the geometric case. We will be able to give an explicit description of the tem- 
pered fundamental group, as was already done for eUiptic curves in III. 2. 3. 2]. 
The point is that the finite etale coverings are well understood (they are abelian 
varieties, and they are dominated by the multiplication by n on ^ for some 
rt), and the topological coverings are well understood too, thanks to the p-adic 
uniformization of abelian varieties. 

We will deduce from this that 7rJ°"^P(A) is isomorphic to 7?^^'^ x TJ^ (see 
part I2.ip . where g is the dimension of A and d is the rank of the topologi- 
cal fundamental group of A (which is also the dimension of the toric part of the 
semistable reduction). 

One can then prove that, just as in the profinite case or the topological case, the 
abelianized tempered fundamental group of a curve X is canonically isomorphic 
to the tempered fundamental group of its Jacobian variety A (theorem (|2.ip ). 
The proof combines the birational morphism /&g A, the birational invari- 
ance of the tempered fundamental group, and the Kiinneth formula that will be 
proved in the next part. 

For more general cases, one does not have such nice descriptions of the topo- 
logical behavior of a smooth variety, not to mention the topological behavior 
of all its finite etale coverings. Nevertheless, thanks to de Jong's alteration 
results (see and [7]) and to Berkovich's work (see 0, recalled in part 13. ip 
on the topological structure of the generic fiber of a polystable formal scheme 
over the integral ring of a complete nonarchimedean field, one can prove that 
some Zariski open dense subset U of the smooth scheme X is homotopically 
equivalent to a certain polysimplicial set given by the combinatorial structure 
of the special fiber of some alteration of the variety. 

One can then deduce from the results of [3j that for any isommetric embedding 
of K in an algebraically closed field K' , \Uk' \ \U\ is a homotopy equivalence. 
Knowing this, and using a proposition of Andre which says that U ^ X induces 
an isomorphism on topological groups, we will be able to prove the invariance of 
the tempered fundamental group of a smooth scheme under algebraically closed 
extensions (proposition l|3.7p . 

In the same way, if F is a Zariski dense open subset of another smooth scheme Y 
satisfying the same properties as J7, one can deduce from the results of [3] that 
|C/ X F| ^ \U\ X \V\ is a homotopy equivalence. Thanks to this, we will prove 
a Kiinneth formula for the tempered fundamental group of smooth schemes 
(proposition i|3.8p ). 

Finally, we will prove in theorem (|4.10p that, in the case of a Mumford curve, 
one may in fact recover the length of the edges from 7rJ°"^P(X) (obviously, one 
needs the whole ■n*^"^'^{X) and not only the pro-(p') version which only depends 
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of the pro-(p') graph of groups of the stable reduction; thus this can only be 
done when p ^ 0, contrarily to Mochizuki's result). 

We will deduce from Mochizuki's results that one can decide from the tempered 
fundamental group of a curve whether a finite covering is split over some vertex 
of the curve (and in a similar way, one can decide whether it is ramified over 
some cusp). 

Knowing this, we will start by proving this for a punctured projective line and 
a punctured elliptic curve, to give an insight of the method in simpler cases, 
where the coverings we will use are described expHcitly: for a punctured pro- 

jective line, we will concentrate on coverings like ( y : G™ ^ Gm (one 
can in this case easily calculate explicitly the number of preimage of a point of 
the Berkovich projective line), and for elliptic curves on coverings obtained by 
patching of those types of coverings. 

In the more general case of a Mumford curve X = fl/T, we will study cover- 
ings of the topological uniformization Q that descend to some finite topological 
covering of X that behave Hke ( )^ over big affinoids of fi. More precisely, 
every covering of fl which descends to X (in some non unique way) is the pull- 
back of ( y along a F-equivariant invertible section of fl, and conversely. The 
equivariance prevents us to simply consider a homography, but we can consider 
a section of which is arbitrarily close, on a given afRnoid subset of ft, to an 
homography. This will be enough to ensure that this covering is split over the 
same vertices of a big afRnoid subset of 51 as the one obtained by pulling back 
( )P along the homography. 

Using such constructions, one can recover from the tempered fundamental group 
the length of any loop of any topological covering oi X . In order to get the whole 
metric structure of the graph of the stable model of X, we will end this article by 
proving a purely combinatorial result that shows that, if one knows the length 
of every loop of every covering of a graph whose edges have valency > 3, one 
knows the length of every edge (proposition (|A.ip ). 

The recovering of the metric graph of the stable model from the tempered fun- 
damental group can be quite easily extended to the case of punctured Mumford 
cases, but the proof does not seem to extend easily to more general curves, as 
one cannot find that easily coverings of order divisible by p where one can say 
much about the graph of the stable reduction. 

The proofs here also only consider some very simple coverings (for which we do 
not even describe completely the graph of the stable model), and it is hard to 
imagine what can recover from the whole tempered fundamental group. 

This work is part of a PhD thesis. I would like to thank my advisor, Yves 
Andre, for guiding my work, suggesting the main idea of some proofs presented 
here, and taking the time of reading and correcting this work. 

1 Tempered fundamental group 
1.1 Definition 

Let K he a complete nonarchimedean field. 

Following fH §4], a K-manifold will be a smooth paracompact strictly K- 
analytic space. For example, if X is a smooth algebraic if-variety, X™ is a 
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if-manifold (and in fact, we will mainly be interested in those spaces). Then, 
thanks to j3|, such a manifold is locally contractible (we will explain in more 
detail the results of [3] in section ISTTj) . 

Recall from |5j that a morphism / : S" — > 5 is said to be an etale covering if 
S is covered by open subsets U such that f^^{U) = U V, and Vj U \s etale 
finite. 

Then, Andre defines tempered coverings as follows: 

Definition 1.1 def. 2.1.1]^ An etale covering S' ^ S is tempered if it is 
a quotient of the composition of a topological covering T' ^ T and of a finite 
etale covering T ^ S. 

This is equivalent to say that it becomes a topological covering after pullback 
by some finite etale covering. 

We denote by Cov*''™p(X) the category of tempered coverings of X (with the 
obvious morphisms). 

Let a; be a geometric point of X. Then one has a functor 

: Cov*"°P(X) ^ Set 

which maps a covering S ^ X to the set Sx- lix and x' are two geometric points, 
then, according to [H prop 2.9], and Fx> are (non canonically) isomorphic. 
The tempered fundamental group of X pointed at x is 

7r'r^{X,x)^AntF,. 

This is a prodiscrete topological group, for which the stabilizers (Stabi?(5)(s))sgCov"='np(x),sGP'x(S) 
form a basis of open subgroups of n*^'^^{X,x). The tempered fundamental 
group depends on the basepoint only up to inner automorphism (this topo- 
logical group, considered up to conjugation, will sometimes be denoted simply 
/i^'"P(X)). 

The full subcategory of tempered coverings S for which Fx{S) is finite is equiv- 
alent to Cove's (S*), so that 

7rl'''^,x)^7rfHX,x) 

(where ^ denotes here, and in the sequel, the profinite completion). 
For any morphism X ^ Y, the pullback defines a functor Cov^"^^{Y) 
Cov*''™P(X). If i is a geometric point of X with image y in Y, this gives 
rise to a continuous homomorphism 

7r'r^{X,x)^7:'r^{Y,y) 

(hence an outer morphism 7rJ°'"P(X) 7r^°'"''(y)). 
One has the analog of the usual Galois correspondence: 

Theorem 1.2 ([21 Th. 1.4.5]) F^ induces an equivalence of categories be- 
tween the category of direct sums of tempered coverings of X and the cate- 
gory n\°"'^^ {X , x) — Set of discrete sets endowed with a continuous left action of 
/i""P(X, x). 
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If iS* is a finite Galois covering of X, its universal topological covering S°° 
is still Galois and every connected tempered covering is dominated by such a 
Galois tempered covering. 

If {{Si,Si))i(z^ is a cofinal projective system (with morphisms fij : Si Sj 
which maps Si to sj for J > j) of geometrically pointed Galois finite etale cov- 
erings of {X,x), let ((5*°°, s°°))igN be the projective system, with morphisms 
for i > j, of its pointed universal topological coverings. Then ^'2(5'°°) = 
7r*'""''(X, x)/ Stabi?(s°°)(s°°) is naturally a quotient group of tt*^™'^{X,x) for 
which s°° is the neutral element. Moreover G acts by G-automorphisms on 
Fx{S°°) by right translation (and thus on 5°° thanks to the Galois correspon- 
dence of theorem l|1.2p ). Thus one gets a morphism 7rJ'"°''(X, x) Gal{S°^ / X) . 
As/°°(s~) = s°°, these morphisms are compatible with Ga\{S°°/X) Gal(S'°°/X). 
Then, thanks to [21 lemma III.2.1.5], 

Proposition 1.3 

^f'"P(X,x) ^ limGal(5r/X) 

is an isomorphism. 

We will also have to use the following result by Andre: 

Proposition 1.4 ([2, prop. III. 1.1. 4]) Let S be a manifold, and let Z he a 
Zariski closed nowhere dense reduced analytic subset. Then any topological cov- 
ering of S := S\Z extends uniquely to a topological covering. Thus nl°^iS,s) 
n\°^(S,s) is an isomorphism. 

We can deduce from this that: 



Proposition 1.5 (0 th. III. 2. 1.11, prop. III. 2. 1.13]) Assume K algebraically 
closed. Let S be a manifold, and let Z be a Zariski closed nowhere dense reduced 
analytic subset. Then the functor from tempered coverings of S to tempered 
coverings of S ~ S\Z is fully faithful. If Z is of codimension > 2, this functor 
is an equivalence of categories. 

We will follow the proof of [TOt cor. X.3.4] to get the birational invariance of 
the tempered fundamental group of smooth and proper if-schemes. 
Recall that every rational map between smooth and proper if-schemes is defined 
above the complement of a closed subset of codimension > 2. 
Let f : X ^ Y is a dominant rational map between smooth and proper K- 
schemes. / is defined on a Zariski open subset U of X (denote by fu the 
morphism U ^ Y and by ijj the immersion U — > X) whose complement is of 
codimension > 2, one gets a functor from Cov*'""P(y) to Cov*'"°p(X) and one 
can compose it with a quasi-inverse of Cov*'""P(t/) Cov*''™p(X): one thus 
get a functor f^^^ : Cov'°'"P(r) ^ Cov*'='"p(X), such that iuf*jj) is isomorphic 
to flf. If one takes another Zariski open subset U' of X satisfying the same 
properties, one gets that ijjnu'^(u) ^unu'f*u') both isomorphic to fjjf^jji, 
and thus and /(*[//■) are isomorphic, since X\UC\U' is also of codimension > 

2. Thus one gets an outer homomorphism of topological groups /* : 'k^^™^{X) 
j^tcmp^y-j^ which does not depend on U. In particular if / is a morphism of 
schemes, one can choose U = X and thus /, is the usual outer morphism 
/i"'"P(X) ^ /i'"°P(F). 
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Let g : Y ^ Z he another dominant rational map between smooth and proper 
if-scheme, it is defined on a Zariski open subset ^ of F of codimension > 2, 
and gf : X ^ Z is also a dominant rational map between smooth and proper 
schemes, so it is also defined over a Zariski open subset W oi X oi codimension 

> 2. Let Uo = U (1 f^^{V) n W {X\Uo does not need to be of codimension 

> 2). There are morphisms Uq ^ V and V ^ Z representing / and g such 
that the composed morphism {gf)uo '■ Uo —> Z represents gf. One then gets 
that ihj{u)9(v) ^^'^ "^Uo^dDlw) both isomorphic to {gf)lj^. Since i*^^ is 
fully faithful, /([/)5('y) a-^d {9f)(w) isomorphic (and g*/* = {gf)*)- Thus 
one gets a functor from the category of smooth and proper iiT-schemes with 
dominant rational maps to the category of groups with outer homomorphisms. 
In particular. 

Proposition 1.6 Let X ^ Y be a birational map between smooth and proper 
K-schemes. Then 

is an isomorphism. 

If one considers the full subcategory Cov*''™p(X)*^p ^ of tempered coverings 
that become topological after pullback by a finite Galois covering of order prime 
to p where p is the residual characteristic, one gets in the same fashion a pro-(p') 
version tt*^™^{X,x) of the tempered fundamental group (see [131 R™- 3.10.1.] 
in the case of a curve) . 

1.2 Mochizuki's results on the pro-(p') tempered group of 
a curve 

Following O Appendix], a semigraph G will be given by a set V of vertices, a 
set £ of edges and, for every e G £ a set with cardinality < 2 of branches Be 
with a (e '■ Be ^ V (we will say that a branch 5 of e abuts to v if (e{b) = v). 
We will say that a semigraph is a graph if for every e G £, e has exactly two 
branches. 

Recall from [l3i def. 2.1] that if one has a semigraph G, a structure of semigraph 
of anabelioid on this graph corresponds to the following data: for each vertex or 
edge X, a Galois category (also named connected anabelioid in [13]) Gx, and for 
each branch b of edge e abutting to a vertex v, a morphism of anabelioids {i.e. 
an exact functor) b^: : Ge ^ Gv)- Recall also that working with Galois categories 
is equivalent to working with profinite groups up to inner automorphism. 
A covering SofG consists of data {Sy, (pe), where for a vertex w, Sy is an object 
of GJ (the category of arbitrary disjoint unions of connected objects of Gv, that 
is the topos 7ri(5„) — Set), and for every edge e with branches 6i and 62 abutting 
to vi and V2 4>e is an isomorphism between bi^S-u^ and 62*5*1,2. One has a natu- 
ral notion of morphism of such coverings, so that one gets a category B^°''{G)- 
Mochizuki associates canonically to such a covering a semigraph of anabelioids 
G' above G- 

An object of B^°^{G) is finite if each Sy is in Qy , topological if for each v Sy is 
a constant object of Gj , and tempered if it becomes topological after pulling 
back along some finite covering. The full subcategory of tempered coverings is 
then denoted by S*"°p(^) (and B^^^^l^g^ denotes the full subcategory of finite 
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coverings; if G is connected, then it is a Galois category of fundamental group 
denoted as 7r^'®(^)). 

Then, if w is a vertex of G and F is a fundamental functor of Gv (and thus 
extends to a point of 0^ ), one can define a functor -F(t,,F) : — > Set 
which maps S to F{Sy) (if one changes the base point {v,F), one gets an iso- 
morphic functor), and let F^^™^^ be its restriction to B^'^'^^{Q). Then we define 

7TT^{g,iv,F)) to be Aut(Fj;-^P). 

Let {X, D) be a smooth n-pointed curve of type g over a complete discrete 
valuation field K, let X — X\D, let {X ,V) be a semistable model over O-^, 
where K is the completion of an algebraic closure of K , and let X = X\'D. 
The semigraph of Xg is defined as follows: the vertices are the irreducible 
components of Xg, the edges are the nodes and the marked points. A node e has 
two branches that abut to the irreducible components that contain e; a marked 
point e has only one branch that abuts to the irreducible component containing 
the marked point. 

When X is the stable model of X, will simply be denoted by Gx (o^ '^'^ 
when there is no risk of confusion) . 

One can endow the semigraph G'^ of the special fiber Xg of X with a structure 
of "semigraph of anabelioids" G'^. Indeed for a vertex Vi corresponding to an 
irreducible component Ci oiXg, consider the open subset Ui of the normalization 
Cj of Ci which is the complementary of the marked points and of the preimages 
of the double points of Xg (the points of — Ui thus correspond exactly to 
branches abutting to vi). Then the group 11(1,.) is the tame fundamental group 

7r5;(t/,)of;7iinC-. The group of an edge is 2(1) ^ = lim, ^_ u„(~ Z(p')) ((p') 
is for the pro-prime-to-p maximal quotient), which is canonically isomorphic to 
the subgroup of monodromy in n\{Ui) of a point in C,j — Ui. The morphism 
corresponding to a branch is the embedding of the monodromy group of the 
corresponding point of Cj — Ui (defined up to conjugation), whereas, for an 

- — - (p') 

edge with two branches, one identifies the two Z(l) by a; i-^ a; . 
Ifgip ) denotes the semigraph of anabelioids obtained from Q by replacing each 
profinite group by its pro-(p') completion, and if n*^"^"^ (Xj^yP ^ is the pro-(p') 
version of the tempered fundamental group of Xj^, 

Mochizuki then shows: 

Theorem 1.7 ( [T31 cor. 3.11]) // Xa and Xp are two curves, every isomor- 
phism 7 : T^i^'^^iX^j^) ~ ''^T"^^ i-^ f3 T<) determines, functorially in 7 up to 2- 
isomorphism, an isomorphism of semigraphs of anabelioids 7' : Q^^ ~ Q^^ ■ 

More precisely, the following induced diagram of topological group is commuta- 
tive: 
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The vertices of the graph then correspond to the conjugacy classes of max- 
imal compact subgroups of 7rJ°'"^(X)*^'' ^ (thus called verticial subgroups of 
^tcmp^^^(p edges to conjugacy class of nontrivial intersections of ver- 

ticial subgroups. 

2 Abelianized tempered fundamental group of a 
curve 

Here, we will be interested in the tempered fundamental group of an abelian 
variety and in the abelianized tempered fundamental group of a curve. 
We will first prove that if A is an abelian variety over an algebraically closed 
complete nonarchimedean field of characteristic 0, the tempered fundamental 
group is abelian and fits in a split exact sequence: 

^ T ^ TT*" "P(A) ^ 7r*°P(A) ^ 

where T is profinite (and more precisely isomorphic to Z" for some n). 
Then we will prove that (as in the case of algebraic fundamental groups or 
complex topological fundamental groups) if C is a curve and A its Jacobian 
variety, the natural morphism nl^"^^^ {C)^^ 7rJ°™P(A) is an isomorphism. 

2.1 Tempered fundamental group of an abelian variety 

Let K be an algebraically closed complete nonarchimedean field of characteristic 
0. 

Let A be an abelian variety over K, and let g be its dimension. 

Recall the basics of p-adic uniformization of abelian varieties. 
By |9j, there is a commutative algebraic group G (more precisely a semiabelian 
variety) and a surjective analytic morphism u : G^^ — > A™ which is the universal 
topological covering of A and ker u is a discrete free abelian group A of rank d. 
Moreover, we know that (A^") ^)neN (N being ordered by divisibility), with 
A^") a copy of A and A multiplication by n, is a cofinal family of finite 

Galois coverings of A (by [TOl lecture XI]). 

Let G^"^ be the universal topological covering of A*^"' (which is isomorphic to 
G since A'^"^ is isomorphic to A): one has 

7rf'"P(A) =limGal(G("V^)- 

n 

Since 7r*°P(A(")) — 7rJ°P(yl) = A ~ Z"* is residually finite and is a subgroup 
of finite index of Gal(G("V^) , Gal(G("V^) is residually finite for every n, so 
7r*'""P(A) is also topologically residually finite as a projective limit of residu- 
ally finite groups. Thus 7r*'""P(^) 7rf^(A) is injective and, since Trf^{A) is 
abelian, 7rJ°"^P(A) is also an abelian group. 
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If n\m, one has the following commutative diagram : 

^ GaKG^^VG) ^ Gal(G('")/A) ^ Gal(G/A) 



= A ^0 



^ Gal(G(")/G) > Gal(G(") /A) ^ Gal(G/^) = A ^ 

Let us write T{G) = limGal(G("VG). This is a profinite abehan group, so 
it splits (canonically) as the product of its pro-p-Sylow subgroups Ti{G). 
By taking the projective hmit in the previous commutative diagram, one gets the 
following axact sequence (it is right exact because the Gal(G("VG are finite): 

> T(G) ^ 7rf '"P(A) ^ A ^ , 

with 7r*'*™''(A) abelian. Thus it is an exact sequence of abelian groups. 

But A is a free abelian group, so the exact sequence must be split. One thus 

gets a non canonical isomorphism: 

^temp^^^ ~ A X r(G). 

By taking the pro-/ completion of the isomorphism here above, one gets: 

Zf» ~ nf^{A)' ~ irf^A) ~ Zf X T;(G), 
and so T;(G) ~ Z^^"''. We finally obtained a non canonical isomorphism: 

Trf '"P(yl) ~ Z*^ X 7?^-'^. 

2.2 Jacobian variety and t^J^^p'^'^ of a curve 

If G is a topological prodiscrete group with a countable basis of neighborhoods 
of 1, G'"^^ will be the topological group G/D(G) (where D{G) is the closure of 
the derived subgroup of G) , it is also a prodiscrete group and G — > G^^ makes 
(^ab _ gjjg ^ f^jjj subcategory of G — Ens. 

Let K be a complete discrete valuation field of characteristic 0, let K be the 
completion of its algebraic closure, let G be a curve over K and let A be the 
Jacobian variety of Cj^. 
Let P be a closed point of ■ 

Consider the morphism A that maps x to the divisor [x] — [P]. One 

gets a homomorphism n*^™''^ {G , P)'^^ 'k*^^'^{A,0) that factorizes through 
^temp^^^^p^ab ^^^^^ 7rf '"^(A, 0) is abelian. 



Theorem 2.1 The morphism ni'^"^^{C^,P)'^^ 7r]^**™'^(^, 0) is an isomor- 
phism. 

Proof : We have a morphism G|, — > A which maps (xi, . . . , Xg) to the divisor 
+ • • • + [xg] — g[P] of Gf^ . This morphism is invariant by the action of &g on 
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and thus factorizes in a morphism C^'' := C^/&g A. Remind that this 

is a birational morphism and that C^'' is smooth over K (voir |1H Th. 5.1. (a), 
prop. 3.2]). 

We thus get a sequence of morphisms: 

, r^g , /^(g) , A 

where the left morphism maps x to {x, P, . . . , P) and where the composed mor- 
phism is the morphism that maps x to [x] — [P]. 

smce is a birational morphism of proper smooth i^- varieties, 

^tomp^^(g)^ (P, . . . ,P)) — !■ 7r*''™''(A, 0) is an isomorphism according to proposi- 
tion ifTel). 



Thus TT*^'^'^ {C^^\ (P . . . , P)) is abelian and residually finite. 

Thus Trf '"P(C^, P) -> Trf '"P(C^»\ (P, . . . , P)) factorizes through cf, : Trf '"P(C^, P)'^^ 

7T'r^id^\iP,...,p)). 

As 7rJ°™P(C;f , P)^*^ is a projective limit of abelian groups of finite type (and 
thus residually finite groups), it must be residually finite too. 
The following commutative diagram: 

n'r^{Ci„pr^ — t ^*"°p(c(,«) , (p, . . . , p)) , 



ab , 



■^f^(c(^\(p,...,p)) 



whose vertical arrows are injective, shows that is injective. 

One may also put an orbifold structure on C*^', as being C^/6g (then 
^orh f^(j(M} cjenotes the corresponding extension of 6g by 7rJ°™P(C-^), as in [U 
prop. III.4.5.8]). 

One then has the following commutative diagram whose line is exact: 



temp 



{C%,{P,...,P)) 



ab 



7rrP(4^),(P,...,P)) 



6o 



The morphisms i, tti and 7r2 are open, thus a — 7r27rii is open: Ima is an open 
subgroup of Trf '"P(C^' , (P, . . . , P)). 

But, if it is a strict subgroup, 7rJ°™P(C^' , (P, . . . , P))/ Ima is a nontrivial 
abelian group of finite type and thus has a nontrivial finite quotient, which cor- 
responds to an open subgroup of finite index of 7r*'"°P(C^'' , (P, . . . , P)) which 
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contains Ima. 

But a is surjective (since 7rf'^(C^) 7r^'^(C^''), which factorizes through a is 
surjective), and thus one gets a contradiction: a is also surjective. 

Let us now consider the diagonal hommomorphism 6 : 7r'°™P(C^,P) — > 
^tcmp(^, ^ (P, . . . , P)). By identifying 7rf-P(C|, (P, . . . , P)) to 7rf-P(C^, (P, . . . 
thanks to proposition p.Sp that we will prove in the next section, 5 may be iden- 
tified tojrP(C^, P) ^ Trr^CC^, P)9 : 5 - (5, 1, . . . , 1). 
Thus 7r*'"°''(C^, (P, . . . ,P)) is generated by the images oi a o 8 when a de- 
scribes 6g, and as a is invariant hy a, ao 5 \s surjective, so 7r*'"°''(C^, P)'^'' 
^tcmp^^(g)^ (P, . . . , P)) is also surjective, thus it is bijective. 
If U is an open subgroup of 7r*'""''(C^, P), the group generated by the a{6{U)) is 
an open subgroup of 7r*'"°''(C^, (P, . . . , P)), thus, as a is open and ©^-invariant, 

a o is open, thus tt*^^"^"^ {C , PY^ — > 7r*''™''(C^\ (P, . . . , P)) is also open, so it 
is an isomorphism. □ 



3 Alterations and tempered fundamental group 

In this section we will describe two applications of the theorems of existence of 
semistable alterations proved by de Jong to the tempered fundamental group. 
Indeed, Berkovich already showed in [3] §9] how those alterations help building 
a skeleton, homeomorphic to the geometric realization of a polysimplicial set, 
on which a Zariski open set of the variety retracts. 

We will here deduce from the results of Berkovich that, in characteristic zero, the 
tempered fundamental group of a smooth algebraic variety is invariant by base 
change of algebraically closed complete fields, and that the tempered fundamen- 
tal group of the product of two smooth varieties (over an algebraically closed 
base) is canonically isomorphic to the product of the tempered fundamental 
groups of each variety. 

3.1 Preliminaries about the skeleton of a Berkovich space 

Let fc be a complete nonarchimedean field and let k° be its ring of integers. 
Recall the definition of a polystable morphism of formal schemes: 

Definition 3.1 ([3| def. 1.2],[4l section 4.1]) Let 4> : X ^ 'iQ he a locally finitely 
presented morphism of formal schemes. 

(i) 4> is said to he strictly polystable if, for every point y G 2), there exists an 
open affine neighhorhood X' = Spf(A) of (j){y) and an open neighhorhood 
2)' C 4>~^{X') of X such that the induced morphism 2)' — > X' goes through 
an etale morphism 2)' Spf(i?o) x^t' • ■ ■ Xje' Spf(Pp) where each Bi is 
of the form A{Tq, • • • , T„.}/(To ■ ■ ■ Tn — ai) with a e A and n > 0. It is 
said to he nondegenerate if one can choose X' , Y' and {Bi,ai) such that 
{x € (Spf (A)^)|oi(a;) = 0} is nowhere dense. 

(a) 4> is said to he polystable if there exists a surjective etale morphism 2)' 
2) such that 2)' ^ X is strictly polystahle. It is said to he nondegenerate 
if one can choose 2)' such that 2)' — > X is nondegenerate. 
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Then a (nondegenerate) polystable fibration of length / over 6 is a sequence of 
(nondegenerate) polystable morphisms X = (X; • • • ^ Xi ^ S). 

Berkovich defines polysimplicial sets in [3, section 3] as follows. 
For an integer n, denote [n] = {0, 1, • • • , n}. 

For a tuple n = (no, • • • , n^) with either p — uq = are > 1 for all i, let [n] 
denote the set [no] x • • • x [up] and w{n) will denote the number p. 
Berkovich defines a category A whose objects are [n] and morphisms are maps 
[m] [n] associated with triples as follows. J is a subset of [u'(m)] assumed 
to be empty if [m] = [0], / is an injective map J — > [w(n)] and a = {Q:;}o<i<p, 
where ai is an injective map [mj-i(;)] — > [n;] if I £ Im(/), and ai is a map 
[0] — > [ni] otherwise. The map 7 : [m] — + [n] associated with (J, /, a) takes 
j = (jo,-- - ,iw(ni)) e H to i = (io,-- - ,iw(-n)) with ii = a;(j/-i(,)) for 
I £ Im(/), and z; — a/(0) otherwise. 

Then a polysimpHcial set is a functor A°p —f Set, they form a category denoted 
A° Set. 

Let A be the strict simplicial category of integers with increasing maps. Strict 
simplicial sets are simple examples of polysimplicial sets by extending to A° Set — 
A° Set the functor A ^ A, that maps [n] to itself, such that it commutes with 
direct Hmits. 

Berkovich then considers a functor E : A ^ /Ce (where ICe is the category of 
Kelley spaces, i.e. topological spaces X such that a subset of X is closed when- 
ever its intersection with any compact subset of X is closed) that takes [n] to 
S„ = {{uu)o<i<p,o<i<n, G [0, Z); = 1}> and takes a map 7 associated 
to {J,f,a) to 11(7) that maps u = (ujk) to u' — [u[i) defined as follows: if 
[m] [0] and i i Im(/) or [m] = [0] then u'^^ = 1 for Z a,(0) and u'^ = oth- 
erwise; if [m] 7^ [0] and i £ Im(/), then then u[i = aT^{i) for ^ G Iin(ai) 
and u'^i = otherwise. Berkovich thus gets a functor, the geometric realization, 
I I : A° Set ICe by extending E such that it commutes with direct limits. 

Berkovich attached to a polystable fibration over X = (X/ ^ X;_i ^ • • • ^ 
Spf(A:°)) a polysimpHcial set C;(Xs) (which only depends on the special fiber) 
and a subset of the generic fiber X/^^ (this is a Berkovich space) of X; named 
the skeleton of X and denoted by S{X) which is canonically homeomorphic to 
|Ci(Xs)| (see [SI th. 8.2]), such that Xi^ri retracts by a proper strong deformation 
onto S{X). 

In fact, when X is non degenerate (for example generically smooth, we will in 
fact only use the results of Berkovich to such polystable fibrations) , the skeleton 
of X only depends on X; (such a formal scheme that fits into a polystable fibra- 
tion will be called a pluristahle morphism, and we will note S{Xi) this skeleton) 
according to [H prop. 4.3.1.(ii)]. In this case [5, prop. 4.3.1.(ii)] give a simple 
explicit description of S{Xi). For any x,y £ Xi^ri, we note a; ^ ?; if for every 
X' Xi and every point x' over x, there exists y' over y such that for every 
/ £ 0{Xri), \f{x')\ < \f{y')\ (^ is a partial order on X/_^). Then S'(X;) is just 
the set of maximal points of Xi^rj for :<. 

We will not give in full detail the construction of C;(Xs) (we will not need 
it). Rather, we will give some examples for a polystable fibration of length 1 
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(they are all easily deduced from the construction explained in [H section 3]). 
If X is just Spf(i?o) Xsptfe° • • • XSptfc" Spf(i3p+i) where each Bi is of the form 
k°{To, ■ ■ ■ ,T„J/(ro • • -Tn, - Oj) with e k°, \ai\ < 1 for z < p and |ap+i| = 1, 
then Ci(X Spf(fc°)) is just [n] with n = (no, • • • , Up). 

If X is just a semistable formal scheme over Spf(fc°), then Ci(X Spf(A:°)) is 
a simplicial set. 

For example, if A" is a semistable model of a complete curve (then it is clearly 
polystable over k°), the polysimplicial set defined by Berkovich is just the graph 
of the stable reduction defined in the previous section (a graph can be consid- 
ered as a simplicial set of dimension 1, and thus as a polysimplicial set). 
If {X,!)) is a semistable model of a curve (not necessarily complete), the graph 
of {X) is the semigraph of A" = X\'D in which one deleted all the edges with 
only one branch. The retraction of (X^)^^ to the geometric realization of this 
graph restricts to a retraction of (X^)^'^ thanks to [3] cor. 8.4]. 

The retraction to S{X) commutes with etale morphisms: 

Theorem 3.2 ([F, th. 8.1]) One can construct for every polystable deformation 

X = {Xi^ ■ ■ ■ ^ Xi ^ Spf(fc°)) a proper strong deformation retraction 
<&' : Xi,,f X [0,^] Xi,,j of Xi^rj onto the skeleton S{X) of X such that : 

(i) S'(X) = [jxeS{Xi_^)^i^lx)' where X,_i = (X/_i ■ ■ ■ ^ Spf(fc°)), and 
fi-i.r,{xt) = fi-i.r,{x)t-i for every t e [1,/]; 

(a) {xt)t' = a:max(t,t')/ 
(Hi) X ^ Xt; 

(iv) for every x and i ^ ^ — 1, there is t' E + such that Xt = xt ift£ [i, t'] 
and ti^xt is injective over [t' ,i + 1]; 

(v) for every t, i:{xt) is contained in the same stratum of Xi,s as tt{x); more- 
over Tr{xi) is the generic point of this stratum and Tr{xi) — 7r{xt) for every 
^ i ^ I — 1 and every t £ + 1]; 

(vi) if (j) : y ^ X is a morphism of fihrations in Vstff*, one has (jii^r^iyt) = 
(t>Lviy)t for every y G 2}/,^. 

Berkovich deduces from the functoriality of the retraction with respect to etale 
morphisms the following corollary: 

Corollary 3.3 ([3j cor 8.5]) Let X be a polystable fibration over k'° (where k' 
is a finite normal extension of k) with a normal generic fiber X/.,,. Suppose we 
are given an action of a finite group G on X over k° and a Zariski open dense 
subset U ofXi^rj. Then there is a strong deformation retraction of the Berkovich 
space G\U to a closed subset homeomorphic to G\|C'(X)|. 

More precisely, in this corollary, the closed subset in question is the image of 
S{X) (which is G-equivariant and contained in U) hy U ^ G\U. 

Recall that the skeleton is functorial for pluristable morphisms: 
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Proposition 3.4 ([4, prop. 4.3.2. (i)]) If (f) : X ^ 'tT) is a pluristable morphism 
between nondegenerate pluristable formal schemes over k° , 0^(5(X)) C S{^). 

In fact, more precisely, from the construction of S, S'(2)) = V^xeS{X) ^^^^)- 
Recall also that, if k is algebraically closed, the polysimplicial complex of a 
polystable fibration commutes with base change: 

Proposition 3.5 (fS', prop. 6.10]) If X_ is a polystable fibration over a field K , 
there exists a finite separable extension K' of K such that for any bigger field 
K", C{2^®K") C{]£®K') is an isomorphism. 

In order to use the previous description of the Berkovich space of a scheme 
with a model over k° which admits a polystable fibration for understanding the 
topology of a smooth scheme over k, we will need de Jong's result about the 
existence of alterations by such pluristable schemes over k° . 
More precisely we will use the following consequence of de Jong's theory given 
by Berkovich (as we will work over valuation fields of characteristic 0, we give 
here only a restricted version in this case): 

Lemma 3.6 ([3j lem. 9.2]) Let A be a Henselian valuation ring with fraction 
field of characteristic 0, let X be an integral scheme proper flat and finite pre- 
sentation over A, with an irreducible generic fiber of dimension I. Then there 
is: 

(a) a finite Galois extension of the fraction field of A, with ring of integers A' , 

(b) a polystable fibration }C — [X'l • • • ^ Xq — Spec^'), where every 
morphism is projective of dimension 1 with smooth geometrically irreducible 
generic fibres, 

(c) an action of a finite group G on X/ over A, 

(d) a commutative diagram 



Spec(^') ^ Spec(A) 

where (f) is a dominant G-equivariant morphism such that the generic fiber 
is generically etale with Galois group G. 

3.2 Invar iance of n^^'^'^ by base change of algebraically closed 
fields 

Let X be a smooth algebraic variety over an algebraically closed complete nonar- 
chimedean field K of characteristic 0. 

Let Xi ^ X he & finite etale connected Galois covering and Uq a dense affine 
Zariski open subset oi Xi, and let us embed {e.g. by [H lem 9.4]) in a scheme 
Xi which is proper , of finite presentation and fiat over Ox- 
Then there is by lemma l|3.6p a generically smooth polystable fibration X[ over 
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Ok endowed with an action of a group G such that {X[, G) is a Galois alteration 
of X^. 

I > I {7 be a dense Zariski open subset of Xi included in C/q (and therefore in Xi) 

such that U' ~f U is finite (where U' is the pullback of U in X[). 

Then J7™ retracts by strong deformation on G\S{X[ .,) by corollary l|3.3p . 

Let K' /K an algebraically closed extension of complete valued fields and let 
x' a geometric point with image. 

Xi^K' Xk' is also a finite etale connected Galois covering (by p^j cor X.1.8]), 
X- Q^, is also a polystable fibration endowed with an action of G and {X'^ q^^ 

is also a Galois alteration of Xi K', finite over Uk'- 

Thus, as in the previous case, U'lf, retracts on the closed subset G\S{X^ j^,) 

(and the natural morphism U^] U"^^ maps S{X[ j^,^^) to S'(X- ,,). 

But C{X[ s) ^ C(Xj'g) is an isomorphism according to proposition l|3.5p . 

The morphism V^] C/™ is thus a homotopy equivalence. 

One has the following 2-commutative diagram : 

Cov'°p([/k/) ^ Cov*°P(C/) . 



Cov'°P(X,,K') ^ Cov'°P(X,) 

The vertical arrows are equivalences by proposition (|1.4p . and the top arrow is 
also an equivalence by what has just been shown. 

Thus, if X- is a geometric point of Xi^K' with image Xi in Xi, 7rJ°P(Xi^x/, a;-) 
TT^°^{Xi,Xi) is an isomorphism. 

If is the universal topological covering of Xi and X°°j^, is the universal 
topological covering of Xi x' , one has X°°j^, — {X°°)k' ■ 
Therefore GsX^Xf^j^, / Xk') ^ Ga\{X^/X). 

By taking the projective limit over a cofinal projective system of geometrically 
pointed (the points being defined in a big enough valuation field SI) Galois 
coverings {{Xi)i,Xi)i^-!si ((Xi^/^/, x^^gN, where xj- is some point of Xi^K> over 
Xi, is then also a cofinal projective system of Galois covering of Xk' by |10[ 
lecture XIII]), one gets : 

Proposition 3.7 The morphism tt\^"^''^{Xk',x') 7rJ°'"P(X, x) is an isomor- 
phism. 

3.3 Products and tempered fundamental group 

Let Y be another smooth algebraic variety over K, Yj ^ Y a finite etale con- 
nected Galois covering, Yj a scheme which is proper, of finite presentation and 
fiat over Ok , in which is embedded a dense affine open subset Vq of Yj , and let 
(Yj, H) ^ Yj a Galois alteration and Y- Ok a polystable fibration. 
Let also F C Yj be a dense Zariski open subset, included in Vo such that V ^ V 
is finite. 

Then, as for X, retracts by strong deformation over H\\C{Y- ,^)\. 

One get the same results for Xi x Yj : 
X[ x. Y- ^ Xi x. Yj IS, & Galois alteration of group G x H, and U x V retracts 
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on (G X H)\S{X, X Yj). 

But the pluristable maps Xi xYj ^ Xi and XiXYj^ Yj map S{Xi xYj) into 
S{Xi) and S{Xj) respectively. Whence a map / : S{X, x Y,) ^ x S'(Y,) 

(and it is compatible with the action oi G x H). But as 

S{X,xY,)^ U SiiX.xY,),)^ U 
xes{x,) xGS(Xi) 

and S'(y, S{Yj) is an isomorphism according to proposition p.Sp . / 

is bijective. But S'(Xi x Yj) is compact, and thus / is an isomorphism. 
Thus (G X H)\S{X, X Y,) G\S{Xi) x H\S{Yj) is an isomorphism. 
Thus ([/ X F)™ — > J7™ X is a homotopy equivalence (the product on the 
right is the product of topological spaces), and by applying proposition (|1.4p to 
U C Xi,V C Yj and U x V C Xi x Yj, one gets that 

n'nX, X Y„ {x,,y,)) ^fP(X„x,) x 7TT^{Y,,y,) 

is an isomorphism. 

So {X, X Y,)°° = X°° X Yf° and 

Gal((X, X Yj)°^/{X X Y)) = G&l{X°°/X) x G'aI{Y°^/Y). 

If {Xi,Xi)i and (Yj,yj)j are cofinal projective systems of connected geometrically 
pointed Galois coverings of X and Y, (Xi x Yj, (a^i, is a cofinal projective 

system of connected Galois coverings of X x F by |10} lecture XIII]. 
By taking the projective limit over in the previous isomorphism, one gets: 

Proposition 3.8 tt\^"^^(X x Y,{x,y)) — > n^i^^iXjx) x 7rJ°"^^(y, y) is an iso- 
morphism. 

4 Metric structure of the graph of the stable model 
of a curve 

The main goal of this section is to prove that the metric structure of the graph of 
the stable model (or equivalently, the graph structure of the skeleton of the curve 
considered as a Berkovich space, as recalled in section [3?T|) of a Mumford curve 
can be recovered from the tempered fundamental group of this curve. We will 
only consider the case of mixed characteristic (in the case of equal characteristic 
0, this is surely false, as the whole tempered fundamental group can be recovered 
only from the graph of groups associated with the stable reduction of the curve 
according to [131 ex. 3.10]). 

Definition 4.1 A metric structure over a graph G is a function 

d: {edges of G} ^ R>" . 

For any e, d{e) is called the length of the edge e with respect to the metric 
structure d. 

A graph endowed with a metric structure is called a metric graph. 
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For a curve X over an algebraically closed complete nonarchimedean field k 
with a semistable model X , let e be an edge of the graph of this semistable 
reduction (that is a node oi Xg)- Then etale locally at this node, X is etale over 
k°[XQ,Xi]/{XQXi - a) with a S k° . According to O cor. 2.2.18], |o| does not 
depend of any choice. Then we will denote d{e) = — logp(|a|), which defines a 
natural metric structure on the graph of the stable reduction of X . 
For example, if X is the stable model of P^\{0, 1, oo. A} with |A| < 1 then the 
graph of X has a single edge of length — logp(|A|). 

We already know, thanks to [l3l ex. 3.10] that one can recover the graph 
of the stable model from the tempered fundamental group. In fact we will 
deduce from Mochizuki's study that one can recover, for every finite index open 
subgroup of the tempered fundamental group and every vertex of the skeleton 
of the curve, whether the corresponding covering of the curve is split over this 
vertex (an etale covering X' ^ X oi manifolds will be said to be split over a 
point X G X if, for every x' S X' over x, H{x) H{x') is an isomorphism; if 
X' ^ X is a covering of order n, then it is split over x if and only if the fiber 
of x has cardinality n, if and only if, locally in a neighborhood of x, X' ^ X 
pulls back to a topological covering thanks to [2l III. 1.2.1]). 
This suggests to consider how finite etale coverings of a Mumford curve are split 
over vertex points. No one knows, as far as I know, how to determine in general 
if a covering is split over some point of the Berkovich space. However, studying 
simple coverings may be enough to see that the metric structure of the skeleton 
must play a role in the structure of the tempered fundamental group. 
More precisely. 

Lemma 4.2 The covering G,„ Gm is split over a Berkovich point B{l,r) 

corresponding to the ball of center 1 and ray r with r < 1 . if and only if r < 

-e h 

More precisely, B{l,r) has preimage if: 

• r ,1], if i — 0; 

• r e]p^*^p^,p^'^p^], if 1 < i < e — 1; 

• r G [0,p^'^^'p^], if i = e. 

Proof : Let g : z ^ z^, and let us calculate g{B{h\r)) with \h'\ — 1 and r < 1. 
Let : z ^ {z + h'Y - h'P = ELiO*^' '^ith K] = 1 and |a,| = p-^ if 
l<i<p-l. 

Then g{B{h' ,r)) = B{h'P,r') with 

■ 1 I Tp~^ if 7* ^ p 1 

r = max 1/(0)1 = max |ai|r* = maxjr'', rp^ }—{ . ~ l 

\z\<r \ rP if r > p p-1 

Moreover let h be of norm 1, let h^/P be a pth root of /i, and let r' < 1. Then 
\h'P — h\ = rics/ip ~ C^^^^l ^ i~' implies that there exists Co G such that 
\h' - Coh^/P\ < r'^^P {i.e. B{h',r'^'P) = B{h^'P ,r'^/P)). 

Suppose now |C - C'l = p^~ . Since |C - Co| = p^~ if C e Mp\{Co}, W - 
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/ji/PCI if C e Mp\{Co} and thus \h'~h^/'Xo\ = \h'P ~h\/ llce^,\{Co} 1^' - 

/ji/p^l < pr' (i.e. B{h',pr') = B{Coh^^P ,pr')). Thus 

Since |C — C'l — P ~ if C 7^ C G Mpi one gets that g~^{B{h,r')) has a single 
element if r' > p^~ and p otherwise. Thus ones gets the wanted result when 
e = 1. 

In the general case, one uses induction on e by decomposing z i-^ in z i-^- 
zP° ^ zP\ □ 

Thanks to this, we will first study the case of the projective line minus some 
points and, by cutting and pasting this kind of covering, the case of a punctured 
elliptic curve. 

For the more general case of a Mumford curve X, we will also study the struc- 
ture of Z/p'^Z-torsors. The theory of theta functions as can be found in [16] 
and [T5j tells us that the pullback to the universal topological covering fl of 

such a torsor is in fact the pullback of Gm Gm along some theta function 

fl Gm, which in turn corresponds to some equivariant current over the tree 
T{Q) of 17. Therefore, we will begin our study by proving that if two currents co- 
incide over a sufficiently big part of T(ri), the quotient of the two corresponding 
invertible functions is nearly constant over some smaller part of T{Q) and thus 
the two corresponding Z/p'^Z-torsors are split over the same vertices in this part 
of T(r2). Thus, we will consider some currents which, over some "big" part of 
fl, coincides with the one corresponding to a homography invertible over uj and 
which is equivariant under some subgroup of finite index of Ga\{Q/X). Then 
we consider the corresponding Z/p'^Z-torsor over some finite etale covering of 

z^z^^ 

X which will behave like Gm — > Gm over some part of T(S1). 
We will deduce from this that the length of every loop of every finite topolog- 
ical covering of the graph of the stable model of X can be recovered from the 
tempered fundamental group. A final combinatorial consideration will give us 
what we wanted. 



4.1 Preliminaries 

Let K he a complete nonarchimedean field of characteristic 0, K° its integral 
ring, k its residual field, assumed of characteristic p > 0, and let K be the 
completion of the algebraic closure of K (with integral ring K ) . 
From now on, we assume that we have chosen a compatible system of roots 
of 1 in K, so that we may identify /j,„ and TijriL. Thus we will often talk of 
Z/nZ-torsors over a curve over K when we should better talk of /i„-torsors. 
Let Xk a smooth curve of type (5, n) over K and let Yk —* Xk a geometrically 
connected finite etale covering of Xk ■ 

Let n — TT*^™^{Xj^) and H C Tl the open subgroup of finite index corre- 
sponding to Yk- 
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By changing K by a finite extension, one may assume that Xk and Yk have 
a stable model over K°, denoted X and Y. 

One then have a unique morphism ip -.Y ^ X extending Yk Xk- 

By theorem l|1.7p . one may rebuild from the topological group 11 the semi- 
graph of groups G of Xj:. Likewise, one may rebuild from H the semigraph of 
groups H of Yj:. 

We are now interested in reconstructing from 7r*''™^(Yft:) 7rJ°™^(Xif) what 
data can be recovered of the preimage of the cusps and vertices of the skeleton 

ofXK. 



4.1.1 Cusps 

Let y be a cusp of Y-^ (corresponding to a cusp y' of Y-j^) and let x be its image 
in X-^ (corresponding to a cusp x' of X-f^) . 

Let / C H'-p ) be an inertia group of y. The image of / in II'^^ ^ is an open 
subgroup (and thus it is nontrivial) of an inertia group of x. Since the inter- 
section of the inertia group of two different cusps is {1}, the image of / is not 
contained in any other inertia group of a cusp of X-^, thus x is characterized 
by the morphism — > 11 as being the only cusp of Xj^ such that the inertia 
groups of y map by ^ 11 to inertia groups of x. 

Thus one may rebuild from H C H the map from the cusps of Yj to the cusps 
of X-^. In particular, one may decide whether the morphism Y ^ X is ramified 
at x' . 



4.1.2 Vertices of the skeleton 

If Xq is an irreducible component of X-^, let Yq be an irreducible component of 
Y^ which maps surjectively to Xq. Then the morphism between the components 

of the graphs of groups 11^ ^ open (in particular, its image is non 

commutative) since it embeds in the following commutative diagram 



Gal {KiYo)/KiYo))^ Gal (if(Xo)/if (Fq)) 



where the upper arrow is an open embedding and the vertical arrows are pro- 
jections. 

Since — > H^p ^ (defined up to conjugation) is injective, the image of Ily ^ 

4^? 



in n^^' ) (defined up to conjugation) is non commutative, and thus is the 

only verticial subgroup of II^p ^ which contains the image of ^ 
Moreover, if Yq is an irreducible component of 1^ which does not map sur- 
jectively onto an irreducible component of X-^, the image of n^J^ in n(p') IS 
commutative, so the embedding _ff ^ 11 decides which components of Yj maps 
surjectively onto which components of Xj. 
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In particular, one may rebuild from H ~* n the cardinal of the preimage by 
of the generic points of Xj. 

Equivalently, if xq is a vertex of the skeleton of X^, one may rebuild the car- 
dinal of its preimage in 1^". 

Indeed, let us write tt for the continuous map from the generic analytic fiber to 
the special fibre, xi = tt{xo) is the generic point of an irreducible component of 
X-^, every preimage yi of xi by V' is a generic point of an irreducible component 
of Y^, 7r~^(2/i) is reduced to a single element by [Sj cor. 1.7], which must map 
to xo because 7r~^(xi) = {xq} by [H cor. 1.7]. Thus ip'^'^'~^{xo) is in natural 
bijection with 

4.2 Case of Pi\{^i,...,z„} 
Let □ = a, /3. 

Let za,i, ■■■ , za,n e Qp^ with n ^ 4. 
Let us write Xfj = P^\{zu i, . . . , zn^„}. 

Let !!□ = T^\°"^^ (P^\{z[j i, . . . ,zu n})- We already know that an isomorphism 
(j) : ILa — 11/3 induces an isomorphism between the semigraphs of the stable 
reductions of P^\{za,i, . . . , Za^n}- After reordering the zp^i, we may assume 
that this morphism of semigraphs identifies the inertia subgroup (defined up to 
conjugation) of the cusp z^.i with the inertia subgroup of the cusp zp^i. 

Theorem 4.3 The isomorphism of graphs thus defined by (j) between the skele- 
tons of (P^\{zq 1, . . . , Za,„})™ and (P^\{z^ i, . . . , Z/3,„})™ preserves lengths of 
edges (i.e. it induces an isomorphism of metric graphs). 

Equivalently, for every {11,12, «3, ii), one gets the equality of cross-ratios' norms: 

\(,Za.ii, Zai^, Zai^, ZQ.i^)\ — | (z^g ^ ^ , j ^/!3,i3 j ^/3,i4 ) I ■ 

In fact, we will be able to prove this result without assuming zq.i, • • • , zn.„ e 
Q" after studying the case of an eUiptic curve (this will give the result for 
p ^ 2) and without any assumption after studying the case of a Mumford curve. 

Proof : According to section [4.1.11 if and Hp = 4>(Ha) are finite index 
open subgroups corresponding to each other by cf), we know that the correspond- 
ing covering of X^ is ramified outside {zQ,ii, Za^i^, Za^i^, z^^i^} if and only if the 
corresponding covering of Xp is ramified outside {z/3,ii, zp^i^, zp^i^, zp^i^}. 
Thus (f) induces an isomorphism between the 7r*'''°''(P^\{zQ , z\j i^ , zu^i^ , zn ,^}) 
(it is the projective limit of the discrete quotients Gu of IIq which have a finite 
quotient Gi n corresponding to a covering of unramified outside {za^i-^ , z^.i^ , ^0,13 , za,i4 } 
such that Ker(G'n Gi^n) is a free group (or, equivalently here, is torsion free)). 

We thus may assume that n = A. We may also assume, after a base change of 
an homography, that the cusps 0, l,oo are A^. Moreover, we may assume that 
X[j does not have good reduction (in which case there is nothing to prove) , and 
thus that Vp{X\j — 1) > (it is an integer since A S Qp'') after permuting 0, 1 and 
00 by another homography. We now have to prove that Vp{Xa — 1) = Vpi^p — 1). 
Assume, ab absurdo, that Vp{Xa — 1) < Vp{Xp — 1). Let e := Vp{Xp — 1) — 1 ^ 
VpiXaipha — 1) and let be the subgroup of !!□ of index corresponding to 
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the unique connected covering !□ of degree p'^ unramified outside and 

oo (this is the morphism z i— > from to P^). One has 4>{Ha) = Hp by 
section 14.1.11 

But, according to lemma (|4.2p . B{l,r) (the point of the Berkovich space of 
P^ corresponding to the ball of radius r and center 1) has p'^^^ preimages if 
p~(*^+p^^ ^ r < p~(^~^+p^) and has p'^ preimages if r < p^'^'^+F^^. 
Thus if p 7^ 2, -8(1, |Aq, — 1|) has p*^"^ preimages if Ya and i?(l, \\p — 1|) has p*^ 
preimages in Yg , which contradicts the result of part 14.1.21 

In the case p = 2 and e ^ 2, i?(l, \\a — 1|) has 2"^^^ preimages in Yq, 
and i3(l,|A/3 — 1|) has 2*^^^ preimages in Yg, which contradicts the result of 
part liTl 

If e = 1, and therefore W2(Aq) = 1 end V2['^i3) — 2, the semigraph of the 
reduction of Yq — ^ Xa is (we marked the different cusps of Yq, and a/Aq is a 
square root of An): 



oo 








-1 



The semigraph of the stable reduction of Yg is 



00 








-1 



They are not isomorphic, and thus one also gets a contradiction. 



□ 



4.3 Case of a punctured elliptic curve 

Let = 0,/? 

Let be two punctured Tate curves C*/(7§ — {1} with jqnl < 1- 
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Let IL\j = TT^"^^ Xu) and let (j) '■ — ^0 be an isomorphism. 

Theorem 4.4 \qa\ = \q0\ 
Proof : 

Let us choose integers n, I and m such that: 
• n is prime to p andn ^ X^X^ef-Zlt^lP ' 

Let ffo,n = [nn,nn]nQ be the preimage in Iln of the image by the mul- 
tiphcation by n in the abelianized group of Ua- (j) induces an isomorphism 

The covering 1^ □ of corresponding to is the multiplication X^ — ? X^ 
by n on the elliptic curve Xq. 

Let now i?i,n be the subgroup of -ffo,n corresponding to the unique con- 
nected topological covering yi □ of degree n of lo.D- 

li^sg ~ C*/(7™^ — C''}(a,6)6Z2 ou 5" is an n-th root of q and Q is an n-th 
root of 1. 

The semigraph of the stable reduction of li_n has mn vertices joined in circle 
(the distance of such two successive vertices is Vp{qa)/n) and n cusps abuts to 
each vertex. 

4> induces an isomorphism Hi ^ — ffi./3 which itself induces an isomorphism 
between the semigraphs of the stable reduction of Y-^^. Let us number from 
to mn — 1 the vertices of the graphs by following the circle compatibly with the 
isomorphism induced by (j) (let us write xafi, ■ ■ , xa,mn-i for the corresponding 
vertices of the skeleton of Yi^a). 

Let Za,o and Za,,i be two cusps of Yi^a abutting to the vertices of the graph 
numbered and I respectively. Let o and Zjs i be the corresponding cusps of 

Let us now focus on Fp-torsors over Fi,n which are unramified outside z^j^ 
and They are the elements of an Fp-vector space V\j of dimension 3. 
Recall that we chose m,n and I so that ^Vp{qa) > and "^^~^ Vp{qa) > 

We will now describe a base of this Fp-vector space. 

Let Sa be the universal topological covering of Yi^a, we identify it with 
P^\{0,oo} C P^. Let sa,o and sa,i the unique preimages in Sa of Zu^q and 
Zd^i of norm 1 and \q\^ and let C/i,n C S\j be the open crown {Iqa] > \z\ > 
IqiqI^^'^} and C/2,n C Sa the open annulus {|Q'n|"P~p^ > \z\ > \qa\"^P^}- 
The maps fom ?7i □ and from U2^a to Yi \j still are open embeddings which, 
together, cover Yi^u. 

Let Ti^n the restriction to Ui^a of the ramified (only over sa,o and sa,i) covering 
^ : z , which is Galois of Galois group isomorphic to 

Zi/pZi, and let us choose such an isomorphism to get a Z/pZ-torsor. Let T2 □ 
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be the trivial Z/pZ-torsor over □ and let T3 □ = 7iQ]jr2n ^ t^'s □ = 
C/i,nlJC/2,n. 

Over Ui □ C^2,n (which has two connected components), Ti.n is trivial. 

Let us choose a trivialization : one may now descend Ts.n U3_a into a Z/pZ- 
torsor Tu ^i.n, which is only ramified over z\j q and z\j i. 
According to lemma (|4.2p . T\j ^i,n is split over Xi (with i e [0,mn — 1]) if 
and only if \qa\" & [kn|"p'^, kni "P"*^], i- e. 

, np np , 



«p(9a)(p-l)' i'p(9n)(p- 1) ' 
There is such an integer thanks to the assumption about l,m and n because 

np 

kih.a) ^mn-l- 2— — — ^ 1 

(where Ig denotes the length of an interval) . 

Likewise, let s'q ^ be a preimage of z^j i of norm \q\ " , let U[ □ be the crown 

I 2 TTi n I P m n ■ I P 

{knl^^ > \z\ > \qa\^}, C^2.n the crown {p^F^ > \z\ > Iqal^^P"^}- 
They are open subsets of 5^i,n and cover it. 

Let T[ [-, be a Z/pZ-torsor over U[ obtained as the restriction of a Z/pZ-torsor 
over ramified only above and It is trivial over U[ ^nU^ u, and, by 
choosing such a trivialization, one gets by descent a Z/pZ-torsor Tq over I'l^n, 
ramified only over z^ q and z^j. 

Tu — > Yijj is split over Xi (with i € [0,mn — 1]) if and only if \qo\~ G 
[\qa\^P^ ,P~'^], i- e. 

■ r- T r ; "^P 1 

^^h,U■=[ — 7 — 77 TT,'- 



«p(9n)(7'- 1)' Vp{qu){p-l)' 
There is such an integer thanks to the assumption about Z,m and n because 

lg(/2,n) = I - 2 ^ 1 



Let finally be the essentially unique connected topological covering of 
degree p of Ya and let us choose an isomorphism from Z/pZ onto its Galois 
group so that it becomes a Z/pZ-torsor. Let us then show that Tn, T^, and 
constitute a base of Vb . 

Let i be an integer in /i.n. As /i n n l2.n = and as T" is everywhere split, 
if aT\2 + 6r[^ + cTq (the linear combination is in the sense of the structure of 
vector space Vn) is split over Xi, c — 0. By the same argument with l2.a^ if 
aTn + 6Tp + cT^ = 0, one gets 6 = 0, but as Tn is not trivial either, one indeed 
gets that Ib,Tg and constitute a base of Vb. 

Assume now ab absurdo that \qa\ > \qp\, then C h^p. 
Let To_/3 = aTp + + cT^' be the image of by {4>~^)* ■ Va ^ Vp (indeed, 
phi induces such a {(f'~^)* according to part I4.1.T|) . 

Let i e Ii,a, Ta is split over Xa.i, so, according to section 14.1.21 2o,/3 is split over 



24 



xp^i, and thus c — 0. Thus, Tq./j is spHt over every if 6 = or exactly over 
the Xi with i S h^p otherwise. 

Yet, according to section l4.1.21 Tq,/? must be spHt exactly over the Xfs^i such that 
Ta is split over Xa.i^ i- e. i £ 

Thus, one cannot be in the case 6 = and /i^/j and /i_q, must contain exactly 
the same integers. 

But this cannot be if n ^ T^XS-tci'^y ' ^^^^"^^ 

□ 

Remark: 

Assume p 2. Let {zu i, • • • , ^□_4} be four rational points in Pj-.^ , and let (j) be 

an isomorphism between the 7rJ°™P(P^\{zn^i, • • • ,2n,4}), which identifies z^.i 
to z/3^i by the identification of the cusps of the graphs of the stable reduction 
(we assume that the curves have bad reduction, and that the length of the edge 
of the graph is ?□). Let be the unique Z/2Z covering of ramified over 
: •^□.4} ^iid only over those points (the subgroups of index 2 corre- 
sponding to E]j thus maps to each other). E]j is a Tate curve with |(7n| = 2l]j. 
By theorem (|4.4p . \qa\ = Ig/j] so la = Ip, which proves again theorem (|4.3p 
without assuming that the points are in Qp''. 

If p = 2 and l\j > 4, then E^ is also a Tate curve, jgnj = 2/q — 8 and the 
previous argument works as well. 

4.4 Case of a Mumford curve 

4.4.1 Reminder on Mumford curves and currents 

Let X be a Mumford curve of genus g over K, let C P^ be its universal 
topological covering, and F = Ga.\{n/X), so that X = fl/T. 
Let <& be the retraction of fl, as a Berkovich space, onto its skeleton T — T{fl). 
For z, z' G Vl, let us set 

d{z,z')= sup \vp{- ——^ — —)\ 

xi,a:2GPi\0 Z — Xi Z — Xi 

which is invariant under homographies. Moreover z') only depends on $(z) 
and $(z'), and it is nothing else than the distance between $(z) and ^(z') for 
the usual metric structure on the tree of (that we will also denote by d, so 
that fi(z,z') = d(4>(z),$(z'))). 

If z g f2 and A > 0, let U^.x denote {z € 17/d(z, z') < a}. It is an affinoid 
subspace of 17. 

Let L — P^\ri, a compact subset of P^. In [3 1.8.9], Fresnel and van 
der Put define a measure on a profinite topological space Z as a function /i : 
{compact open subsets of Z} ^ Z such that ii{U\ U U-i) + [i,(U2 H C^i) = [>-^\) + 
iiiU-i) for every compact open subsets C/i, Ui of Z. The group of measures on 
Z such that ^(^) = is then denoted by Mo(Z). 

One can then associate to / G 0(17)* a measure [ij on L. Following [8], we will 
also call hole of an affinoid \J subspace of P^ every connected component of the 
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complement of this affinoid, and will note t{U) the set of its holes. 
One gets the following exact sequence of groups ([HI Prop. 1.8.9]): 

i^K*^ oiny Mq{c) 

More precisely, according to [84 1.8.10 ex. /?], if a, 6 € £ and f : z i—f j^, 

fJ-f = 6a- 6b. 

For a general /o € 0{VL)* and = ^ is a weak limit of a sequence of Z- 
linear combinations {nk)keTS! of Dirac measures. Then, if = J2''^ii^)^ai{k), 
let /fc = n(l ^ ^i^yii(k) _ 'jijgjj fJ'fk — Mfcj ^iid (/fc) tends uniformly on every 
afhnoid to an invertible function g. Then /ig = /i and thus g — Xf with A G X . 

According to |TB, prop. 1.1], one also has the following exact sequence (where 
C(T) denotes the group of currents with integral coefficients on T): 

l^K*^ 0{ny C(T) ^ 

which gives, with the previous one an isomorphism Mo{£) C(T). 
One can describe this isomorphism in the following way : if e is an oriented 
edge of T, P-^\$~^(e) has two connected components, and <i>~^(e) n £ = so 
one gets a partition of C by two open subsets £i(e) at the beginning of e and 
£2(6) at the end of e (one has for /i G Mo{C), /i(£i(e)) = — /i(£2(e)). Then 
Cie) = fi{C2ie)). 

more generally, K is a finite connected subgraph of T (containing at least one 
edge), $^^(K) is an affinoid contained in Q. There is a natural bijection between 
t($-i(K)) and the set of end points of K. Then, if /i € Mo(£), C G i($-i(K)) 
and e is the only oriented edge of K ending at the end point of K corresponding 
to C, then Cn£ = £2(6) and thus C(e) = /i(Cn£). In particular /i(Cn£) = 
for every C G i($~^(IK)) if and only if C(e) = for every terminal edge of K, if 
and only if C is zero on K. 

Let 8 denote the group of theta functions of X, that is the group of / G 
0(S1)* such that for every 7 G F, z 1-^ f{jz)/f{z) is a constant function (this 
means that the corresponding current is F-equivariant). Then, one has the 
following exact sequence : 

l^K*^e^ C(F) ^ 

and thus Q/K is a free Z-module of rank g. 
One deduces from [HI prop. 2.1] that : 



Proposition 4.5 for every n > 2 and every Z/nZ-torsorY over X , there exists 
an element 9 in 0, unique modulo K 8" such that Y Xx ^ = f^[/]/(,/" = 0) 
where il [/]/(/" = 9) denotes the pullback of the Z/nZ-torsor Gm ? 
along fl G,„. 

Conversely, for every 9 in 8, there exists a Z/nZ-torsor Y over X such that 

Yxn^ r![/]/(,r - 0). 

Proof : Follow the notations of [HI section 2]. Then fi* is a connected component 
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Suppose first that Y Xx^ is connected, so that = Y x x ^- Then, according 
to \T5\ prop. 2.1] there is a unique lattice T in {Q/K ) (g) Q containing Q/K 
such that, as a X-covering, $7* = ^{T) :— ^spocKfe/K*] Spec if [T]. Then 

T/{Q/K ) is isomorphic to Z/nZ, and choosing a / generator of T/{@/K )) 
amounts to choosing a Z/nZ-torsor structure on fl^. 

If one takes p with i S (Z/nZ)* as another generator, the torsor one gets is 
f?®*. Thus by changing the generator, one can get all the 0(n) Z/nZ-torsor 
structure on the covering fi* of fl. 

If / is the generator corresponding to the Z/nZ-torsor structure on Y Xx ^, 
then e is any lifting of /" g r"/(e/i?*)". 

In the general case 17* acquires the structure of a Z/mZ-torsor over fl with 
m\n, and as before one can find a unique Oq modulo K 6™ such that fi, — 
mn/ir = do). Then Yxxn = Ind^/^f^ f7*, and thus Yxx^^ = 
C^"), and = C^"- 

The second statement comes from the fact that, if $7* is a connected component 
of f7[/]/(/" — 9), Gal{n^:/X) is (non canonically) isomorphic to the direct 
product of Gal(ri,/i7) and T (according to [TSj section 2, intro.]). Thus can 
descend (non canonically) to X by considering Yq = ^^/N where N is some 
complement of Gal{Q^/Q) and Gal{Q^/X) (and thus f7 [/]/(/" = 6*) by taking 
a direct sum of Iqs. D 

Remark: One could also show it by considering J — Hom{Q / K , G.,„) — > J 
where J is the Jacobian variety of X and J is its universal topological covering, 
and by showing that Trf^{J) is a direct summand of Trf^{J). 

4.4.2 Preliminary results on the ramifications of torsors correspond- 
ing to currents 

Proposition 4.6 Let z G il, X > 0. Let f £ 0(17)* such that f{z) = 1. Let 
fi be the measure on C corresponding to f and let us assume fi{C n £) = for 
every hole of Uz.\. 

Then Vz' e U,,x, \ f{z') - IK /(^'^')-^ 
Proof : To simplify, assume z = oo. 

According to [8, 1.8.10 ex. /S] and [51 prop. 1.8.9. (i)], / = lim/fc uniformly on 
every affinoid of 17 (in particular over Uz,\) where fk is of the following form 

z=l ^ 

and fik = '^i,fe'^a.(fc) ^ 

For k big enough, iJLk{C) = for every hole C of i7z,A and |/ — /feic/. a ^ P ~ 
We thus only have to prove the result for fk , which is a product of function such 
as g : z' 1-^ z' = (1 - ^)(1 - ^)~^ = ^ith xi and a;2 in the same hole C 

•J \ Z' / \ Z ' Z -~-X2 

of Uz,a- 

We thus only have to prove the result for g, which is easily seen. D 

Corollary 4.7 Let f G 0(17)* such that f{z) — 1. Let U an affinoid of fl such 

that for every hole C of U, ^i(C) — 0. 

Assume that, for all z" e <l>"i([<l>(z), $(z')]), Uz"^x C U. 

Then\f{z')-l\^p-^. 
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Proof : Let e > 0. Let {zi)i=o...n such that zq = z, Zn = z', <&(zi) e $(z')] 
and d($(z,),$(zi+i)) e. 

Then, according to the previous proposition I'^^^^tj^ ~ 1| ^ 

Thus |/(z") - 1| < sup |/(z,+i) - /(zi)| < p^-". Ones get the result by letting 

e going to 0. □ 

Corollary 4.8 Let f as previously, U such that ^i{C) — for every hole C of 
U . Let e a positive integer. Let A > e + ^j^j, let Y ^ he finite covering 

obtained by pulling back Gm Gm along f : fl Gm- Let V C U be such 

that Vz € V,U^^x C U. 
Then Y is split over V . 

Proof : We may assume V connected, because we only have to prove the result 
for every connected component of V . Let z £V . Multiplying / by a constant, 
which do not change Y , we may assume that /(z) — 1. 

From the previous corollary, f{V) C D{l,p~^). But, according to lemma l|4.2p . 
Gm Gjn is split over D{l,p^^), which ends the proof. □ 

Proposition 4.9 LetC a current onT{fl), corresponding to an invertible func- 
tion f onVl. Let a a vertex ofT such that the restriction Ca of C the star of a 
is not zero modulo n. Then, ifY^il is the finite covering obtained by pullback 

of Gm Gm along f : fl Gm , Y Q is not split over a. 

Proof ; y — > is split over a if and only if there exists /i G On, a such that 

fl = f\On,a- 

By multiplying / by a constant, we may assume \f\a — 1. 

If fl exists, by looking at the residue field fcn,a — k{X), /f = /. If /i(z) — 
XYl{z — ai), f — Yl(z — Oi)", and so all the poles and zeros are of order a 
muliple of n, which ends the proof. □ 

4.4.3 The metric graph of the reduction and the tempered funda- 
mental group 

Assume now that Xa and Xp soient are two Mumford curves over K, but are 
pullback of curves over K (so that we may use [HI ex. 3.10]), and that there is an 
isomorphism (j) '■ '""'"'"^(Xa) = '^i^^'^iXis), which thus inducts an isomorphism 
of graphs G{Xa) G{Xp). Hence an isomorphism T(ric() ~ T(ri^). 



Theorem 4.10 The isomorphism Ga — * G/3 of graph induced by an isomor- 
phism 7rJ°"^^(XQ,) t:\^"^''^ {X p) of topological groups is in fact an isomorphism 
of metric graphs. 

Remark: Suppose X^ and X/j are projective lines minus four points cn, rfn 

with Vp{a\j, 6q, cn, (in) = e^with an isomorphism 4> between their tempered fun- 
damental groups, and suppose p 3. One can consider a covering X'^ of order 
three of Xa such that the restriction to each irreducible component of the stable 
reduction is connected but it is split over the double point of the stable reduc- 
tion (and let XL be the covering of Xp corresponding to X'^ by 4>, it satisfies the 
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same properties). Then is a Mumford curve (the corresponding covering 
of each irrociucible component of the stable reduction of is ramifieci in only 
two points, so it is a covering by a projective line) whose tree has three edges, 
each of length en. Thus, by what has just been proven = ejs, which ends the 

proof for punctured lines. 

One could in fact do quite the same for more general punctured Mumford curve, 
by considering, for an edge e of the graph, a tamely ramified covering by a Mum- 
ford curve such that there is an edge e' over e which is actually an edge of the 
graph of the stable reduction of the compactification of this covering. 

Proof : A loop of a graph is a cyclic sequence of oriented edges of the graph 
such that the end of an edge is the beginning of the following edge, and which 
never goes by the same vertex or (unoriented) edge twice. 

Let C be a loop of this graph, and note \g^{C) the length of C with respect to 
tjie metric da on G. Let C be the universal covering of C, let C ^ T a lifting of 
C — > G and let zq a vertex of T which belongs to C, let us number then {zi)i^z 
the vertices of C with the same image that zq in G. Let L be another loop (we 
choose an orientation on it) of G (there must be another loop since g > 1), let 
L be a lifting of L to T, let — da{L,zo) (we may assume, by changing the 
numbering of the Zi that for n ^ 0, da{L, Zn) = ra + nlgQ(C)) and let z'q the 
point of L the nearest from zq (this does not depend on □) . 

Let us note, for z a vertex of T, the connected component of f2\{open edges of L} 
which contains z. 

Let e > 1 be an integer. 
Let Kf) be a connected finite subgraph of T containing z\ (so that $~^(|ii'o|) is 
compact by properness of <i>). 

Let K\2 a connected finite subgraph (coinciding for \I\ = a and □ = /3) T(f2Q) 
such that for every z G $~^(|Xo|) Uz e+2 C ^^^{\K\) and such that, for every 

vertex z of Z n Ka, {z' € Fz\d{z',z) ^ e + 2} C <^-'^{\Ka\) (in particular, if 
z' is a vertex ^f the boundary of iiT in T which is not one of the end points of 
the segment LCi K, d{z',L) ^ e + 2). Let /fg be a compact subgraph of T 
coinciding for □ = a and □ = /? such that $p^(|iirQ|) contains Uz,e+2 for every 
zm^-'^{Ku). 

Let r = Gal(T/G), let H = Stab(Z)(~ Z) and let V be a subgroup of finite 
index of F such that, for every 5 7^ 1 e L', <l^^\\K'\) n g ■ ^^{\K'\) = and 
for every g S T\H, du{g ■L,L)> diamn(|/^'|)(A = {g ^ l e r|$-i(|i^'|) n 
g ■ ^~^{\K'\) ^ 0} is finite by compactness of $~^(|if'|). So, as T is resid- 
ually finite, there exists r[ of finite index in T which does not intersect A. 
B=^{ge V/H-H\du{g-L,L) ^ diamn(|i^'|)} is also finite, and as i?nr = H 
in the profinite completion of F, there exists Fj of finite index in F contain- 
ing H such that F^ n B • if = 0. We may then chose F' = F'^ n F^). Let 
H' = H nV. Let = rin/F' : its a finite topological covering of X\j, 
and the isomorphism (j) '■ ''^^"^^i-^oi) — 7i'i'^™^(^/3) inducts an isomorphism 

J,/ . ^Icmp/ Y' \ ^l-omp/ ^/ \ 
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Let Co be the current on T with Co(e) = +1 if e is an edge of L (and e 
has the good orientation) and otherwise (except if e is an edge of L with the 
wrong orientation, in which case Co(e) = —1) : this current is invariant under 
H . Let Ca = X^ggr'/i/' 9 '^o- It is a current on T, invariant under V and which 
coincides with Co on K' . 

Let fa & 0{Qa)* be the corresponding invertible function with fa{zo,a) — 1, 
and let X'J^ be a (Z/p^Z)-torsor of X'^ corresponding to that current, that is to 
say such that its pullback X'J^ to fla is isomorphic to fla x G„i — > ila where 
the fiber product is taken, on the left side, along and on the right side along 
z 1-^ zP . Let Xp — 4''*X'^ (do not forget that X'^ has no reason to correspond 
to the current Cq). 

Let also /o_n G 0{Q.\j)* be the invertible function corresponding to the cur- 
rent Co and let Xq^d be the corresponding (Z/p^Z)-torsor on Via- Recall that 
this torsor is split over a point z e T(f7Q) of fin if and only if o?n (z, L) > e+j^. 

According to corollary fTSl applied toll = ^^^{\K'\) and toV = ^^^{\K\), 
the torsor X" — Xo,a on Qa, which corresponds to the current Cq — Co which 
is zero over K' , is split over <i>^^(|if|) since for every z S <i>^^(|iir|), C/z,e+2 G 
^~'^{\K'\). Thus, for z e K, X'^ is split if and only if Xo,q is, if and only if 

da{z,L) > e + 

In particular X'J^ is split over the vertices of the boundary of K which are not 
the end points oi K L. Thus, according to the result ^f section |4. 1 .21 applied 
to X" and X'^ (as On X^j is a topological covering, X^ Oq is split over a 

point if and only if — + X^ over the image of that point), Xq ^ is also split 
over the vertices of the boundary of K which are not the end points oi K C] L. 

Let C/3 be a current on T{Qf^) corresponding to the Z/p'^Z-torsor X'^ (the 

current corresponding to X'^ is well defined only modulo p'^). According to 
proposition (|4.9p , 1 the restriction of to the star of a vertex of K which is 
not an end point of X n L is zero modulo p'^. One deduces from it that, modulo 
p'^, the restriction to K ofCp must be congruent to the restriction of aCo- By 
adding to a current which is a multiple of p^, we may assume that C/3 — aCo 
is zero on K (because every current with boundary on K, that is to say that 
respect Kirchhoff's law in every vertex of the interior of iC but with no condition 
on the boundary of K, can be extended in a current on the whole T). 
Thus, by applying corollary fTSj) to U ^ ^^^{\K\) and to V ^ ^^^(Kq), one 
may deduce that X^' — aXo^p is split over | i^To | , so if z is a vertex of Kq , X'^^ is split 
over z if and only if Xo,/3 is (a is necessarily non zero modulo because X'^ can- 
not be split over Zq) , if and only if (2, L) > e + , according to lemma l|4.2p . 

Therefore, df3{z, L) > e + if and only if df3{z, L) > e + if and only 
if daiz-i L) > e + for every vertex z S Kq. 

As one may^choose Kq as big as one wants, one may deduce that for every z 
of T, da{z, L) > e + if and only if c?/3(z, L) > e + and this for every 
integer e > 1. _ _ 
Thus max(l, {dpiz^L) - -^]) = max(l, \da{z,L) - ^^). 
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By applying it to {zi)i^o, one gets that for every i ^ 0, 

max(l, [ilg„ +ra ^1) = max(l, [ilg„ +ra — tD- 

One may deduce from this that for every loop C of G (and of every topological 
covering of G) , 

lg„(C) = lg^(C). 

One may conclude with the help of proposition IjA.ip . n 

A A combinatorial result 

To end the proof of theorem l|4.10p , we will need to prove that one can recover 
from the length of all the loops of every finite covering of G the length of every 
edge of G. We thus have to prove a general result on graphs such that the 
valency of every edge is at least 3. 

To prove this, we will work by induction on the number of edges of the graph. 
However, by removing an edge of our graph, one does not in general get a 
graph such that the valency of every edge is at least three, and we may have 
to concatenate two edges or withdrawing an other edge to apply our induction 
assumption (but there will only be a few edges whose length cannot be recovered 
directly by the induction assumption) . To exhibit enough loops that go through 
some edges we do not know yet the length thanks to the induction assumption, 
we will have to distinguish many cases depending on the number of connected 
components of the subgraph of all the edges whose length is already known. 

Proposition A.l Let G be finite graph such that the valency of every vertex is 
at least 3. Let f : {edges of G} — > R 6e any function. Let us denote also by f 
the induced function on the set of edge of a (topological) covering ofG. Let us 
set, for C a loop of a covering ofG, f{C) = Y.xe{edges of c} fi^)- 
If f{C) = for every loop C of every covering of G, then f — 0. 

Proof : Remark that if G is a finite graph such that the valency of every vertex 
is at least 3 and if H is a connected subgraph such that the number of half-edges 
of G\E[ which ends in EI is less than 3, then H is not a tree (if H is a tree with 
at least one edge, H has at least two vertices of valency 1, and thus one already 
has 4 half-edges of G\IHI which must end in one of those two vertices; if H is 
only a vertex, it is equally obvious). 

Let us go back to our business. We will proceed by induction on the number 
of edges of G. 

Thus let (G, /) be a graph with n > 1 edges and a function / on the set of edges 
of G which verify the hypotheses of the proposition, and assume the proposition 
to be true if G has less than n edges. 

We may assume G to be connected (otherwise we may use the induction hy- 
pothesis to the various connected components to conclude). 
Let e be an edge of G, and start with assuming that: 

1. the two end points of e are different. Let (m,n) be the arities of the end 
points of e in G\{e}. By our assumption about G, m ^ 2 and n > 2. 
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If m ^ 3 and n ^ 3, G' = G\{e} is still a graph such that the 
valency of every vertex is at least 3, thus one may apply our induction 
hypothesis to G' and to / : f{x) = 0, for every edge G other than e. 

i. If G' is connected, then one may find a loop C of G that goes 
through e, and then /(e) = /(C) = 0, which implies the result. 

ii. If G' has two connected components A and B (they cannot be 
trees according to the remark at the beginning of the proof) , one 
may consider two coverings of order 2 A' and B' of A and B 
respectively, that one patches in a covering G' of G of order 2. 
Then there exist a loop C of G' passing through the two edges 
over e. 

Then 2/(e) = /(C) = 0, which gives the wanted result. 

If m > 3 and n = 2 (or the other way), then let a and b be the 
two edges starting at the second end point of e (if a and b are in 
fact the two half-edges of a single edge, the graph has then the same 
structure as the one of case 2.(c).i, where it will be treated; thus 
we will assume here that a and b are two different edges). Let G' 
the graph obtained from G by withdrawing e and concatenating a 
and 6 in a single edge that we will note a + b (and we will define 
f{a + b) = /(a) + /(6)). Then (G', /) satisfies the required conditions 
and so /(x) = for every edge of G other than a, b and e. Depending 
on the number of connected components of G" = G\{a, b, e}, we will 
distinguish several cases: 

i. If G" has only one connected component, then one may contract 
G" to a point to get a graph Gi with three edges (indeed, every 
loop Ci of Gi may be lifted to a loop C of G as G" is connected, 
and /(Ci) = /(C) since / = over G"), and thus f{a)+f{b) = 0, 
/(a) + /(e) = and /(6) + /(e) = 0, which gives the wanted 
result. 




ii. If G" has two connected components A and B as in the picture 
(now a, b and e will play the same role and the proof will be 
the same if they are exchanged) , then we start by considering a 
connected covering Gi of order 2 of G such that its restrictions 
A' and B' to A and to B are connected (there exist such a cov- 
ering as A and B cannot be trees according to the remark at 
the beginning of the proof), then one may contract A' and B' 
into a graph G2. One gets f(b) + /(e) = 0, 2/(a) + 2f{b) = 0, 
2/(a) -|- 2/(e) = 0, which impHes what we wanted. 

iii. If G" has three connected components A, B and C, then we start 
by considering a connected covering Gi of order 2 of G such that 
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its restrictions A', B' and C" to A, B and C are connected, 
then one may contract A\ B' and C . One may deduce that 
2/(a) + 2/(6) = 0, 2/(&) + 2/(e) = 0, 2/(e) + 2/(a) = 0, which 
implies the result. 




(c) If m = n = 2, then let a, h be the two (half-)cdgcs ending at one 
end point of e and c, d the (half-)edges ending at the other end point 
of e. Let G' be the graph obtained from G by withdrawing e and 
concatenating a and b into a + 6, and c and d into c + d. If one 
defines /(a + 6) = /(a) + f{h) and /(c + d) = /(c) + /(d), (C, /) 
satisfies assumptions of the proposition, and so, by the induction 
hypothesis, f{x) ~ for every edge x of G else than a. 6, c. d and e. 
Let G" = G\{a, 6, c, d, e}. Depending on the connected components 
of G", we will distinguish several cases : 

i. If G has two connected components, A containing one end point 
of a and of 6, and B containing one end point of c and of d (if (a, b) 
or (c, d) are the two half-edges of a single edge, the graph has the 
same structure as in case 2.(c).ii.B; if (a, b) and (c, d) both make 
single edges, then the structure is the one of the degenerate case 
of 2.(c).(ii)), then start by considering a connected covering Gi of 
order 2 of G such that the restrictions A' and B' to A and B are 
connected, and then contract A' and B' . One gets, for example, 
that/(c) + /(d),/(a) + /(6),2(/(a) + /(e) + /(ci)),2(/(a) + /(e) + 
/(c), 2(/(6) + /(e) + f{d)) = , which implies the result. 
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ii. If G has two connected components, A containing an end point of 

a and c, and B containing an end point of b and d, then consider 
as usual a connected covering Gi of order 2 of G such that the 
restrictions A' and B' to A and B are connected, then contract 
A' and B'. One gets for example that /(a) + f{b) + f{c) + /(d) = 
2(/(a) + /(e) + fid)) = 2(/(6) + /(e) + /(c)) = 2(/(a) + /(c)) = 
f{b) + f{c) + /(e) = 0, which implies the result. 



ni. 



a 


c 


e 




b 


d 



B 



B' 



If (a, c) (or symmetrically (6, d)) are the two half-edges of a single 
edge a, consider a connected covering Gi of order 2 of G such that 
the restrictions B' to B and (aUe)' and aUe are connected. One 
gets that /(a)+/(6)+/(c) = /(e)+/(fo)+/(c) = 2(/(a)+/(e)) = 
/(a) + /(e) + 2/(6) = 0, which implies the result. 




If (a, c) and (6, c) are degenerated into two edges, then G only 
has two vertices and three arrows joining those two vertices, and 
the result is obvious. 

If G has two connected components, A containing an end point 
of a, 6 and of c, and B containing an end point of d. We already 
know by induction hypothesis applied to G' that f{c)+f{d) = 0. 
Now, by contracting A, one gets that /(a) + /(&) = ,f{b) + /(c) + 
/(e) = /(a) + /(c) + /(e) = 0, which implies the result. 



A 







b 
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c 


d 



B 



iv. If G has three connected components, A containing an end point 
of a, B containing an end point of b, et C containing an end point 
of c and of d. Consider as usual a connected covering Gi of order 
2 of G such that its restrictions A' , B' and C to A, B and C are 
connected, then contract A', B' and C". One gets for example 
that /(c) + fid) = 2(/(a) + fib)) = 2(/(a) + /(e) + /(c)) = 
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2{f{b) + /(e) + /(c)) = 2/(a) + 2/(e) + /(c) + f{d) = 0, which 
implies the result. 



A\ 



B\ 



C 



A'\ 



B'\ 



If (c, d) is degenerated in a single edge c, the graph has the same 
structure as in case 2.(c).ii.A. 
V. If G has three connected components, A containing an end point 
of o, B containing an end point of c, and C containing an end 
point of b and d, then consider a connected covering Gi of order 
2 of G such that its restrictions A' , B' and C to A, B and 
C are connected then contract A' , B' and C . One gets for 
example that f{b) + f{d) + /(e) f{b) + f{d) + /(e) + 2 /(a) = 
2(/(«) + f{b)) = 2(/(d) + /(c)) = 2(/(c) + /(e) + /(a)) = 0. 

A B A' B' 



a 



C 



a 



If [b. d) is degenerated into a single edge b, consider a covering 
Gi of order 2 of G such that its restrictions to A, B and 6 fl e 
are connected, then contract A' and B' . One gets that 2/(a) + 
/(e) + f{b) = 2(/(6) + /(e)) = 2/(c) + /(6) + /(e) = 2(/(a) + 
/(6)+/(c)) = 0. 



A 



B 



vi. If G has four connected components, A containing an end point 
of a, B containing an end point of c, C containing an end point of 
b and D containing an end point of d, then consider a connected 
covering Gi of order 2 of G such that its restrictions A' , B', C 
and D' to A, B, C and D are connected then contract A', B', 
C and D' . One gets for example that 2(/(fe) + /(rf) + /(e)) = 
/(^') + /(rf) + /(e) + 2/(a) = /(6) + /(d) + /(e) + 2/(c) = 2(/(&) + 
/(a)) = 2(/(c) + /(d))=0. 
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A C A' C 



a c 



b ^ d 



B D B' D' 

vii. If G has a single connected component A, then contract it. One 
gets that /(a) + /(&) = /(c) + f{d) = f{a) + f{c) + /(e) = 
f{h) + /(c) + /(e) = /(a) + f{d) + /(e) = 0, which implies the 
result. 



e 




A 

2. the two end points of e are a same vertex, and let m be the valency of this 
vertex in G\{e}. One has m ^ 1. 

(a) Assume m ^ 3. Then <G\{e} satisfies the assumptions of the propo- 
sition and thus by induction hypothesis f{x) =0 for every edge of G 
else than e, and as e is already a loop, /(e) = too. 

(b) Assume m = 2, and let a and b be the two edges ending at the end 
point of e (if a and b are in fact only the two half-edges of a single edge, 
G is only the wedge of two loops, and the result is obvious). Let G' be 
the graph obtained from G by withdrawing e and by concatenating 
a and b in an edge a-\-b and define /(a -|- 6) = /(a) -|- f{b). Then G' 
satisfies the assumptions of the proposition and thus, by induction 
hypothesis, f{x) = for every edge x else than e, a et b. Depending 
on the connected components of G" = G\{a, 6, e}, we will distinguish 
the following cases : 

i. If G" has a single connected component A, then consider a cov- 
ering Gi of order 2 of G such that its restrictions to A and e 
are connected, then contract A': one gets a graph G2. One gets 
2/(a) + /(e) = 2/(6) + /(e) = 2/(e) = 0, which implies the 
result. 




ii. If G" has two connected components, A containing the end point 
of a, and B containing the end point of b. Consider a covering 
Gi of order 2 of G such that its restrictions A' and B' to A and 
B are connected and such that its restriction to e is connected 
too, then contract A' and B' to get a graph G2. One gets that 
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2/(a) + /(e) = 2/(6) + /(e) = 2/(e) = 0, which impHes the 



(c) Assume m = 1, and let a be the edge ending at the end point of e. 
Let n be the valency of the other end point of a. One must have 



i. Assume n ^ 3. Then G = G\{a, e} satisfies the assumptions 
of the proposition, so, by induction hypothesis, / = over G'. 
Consider now a covering Gi of order 2 of G such that its restric- 
tions to G' and to e are connected, and contract the preimage of 
G'. One gets 2/(e) = 2/(a) + /(e) = 0, which implies the result 



ii. Assume n ^ 2, and let c and d be those two edges (if they 
only are the two half-edges of a single edge, G is made of two 
loops joined by an edge; one shows the result for this particular 
graph by by considering the covering of order 2 whose restric- 
tions to the loops are connected). Let G" be the graph obtained 
from G' by concatenating c and d into c + d and let us define 
f{c+d) = f{c) + f{d). G" satisfies the assumptions of the propo- 
sition, and so f{x) — for every edge x of G else than a, e, c and d 
(and, in fact, /(e) = too). Let G'" = G\{a, c, d, e}, and distin- 
guish the following cases depending on the number of connected 
components of G'". 

A. If G'" has two connected components, C containing the end 
point of c and D containing the end point of d, consider a 
covering Gi of G such that its restrictions C , D' and e' to 
C, D and e are connected, then contract C", D' and e', one 



gets 2/(a) + 2/(c) = 2/(a) + 2/(d) = 2/(c) + 2/(d) = 0, 



result. 




n ^ 2. 




which implies the result. 
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B. If G'" has a single connected component A, consider a cover- 
ing Gi of G such that its restrictions A' and e' to A and e are 
connected, then contract A' and e', one gets 2/(a) + 2/(c) = 
2/(a) + 2/(d) = 2/(c) + 2/(rf) = 0, which implies the result. 




□ 
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